Recently, Young's equation, the Wenzel equation, and the Cassie-Baxter equation have been widely used with active research on superhydrophobic surfaces. However, experiments showed that the Wenzel equation and the Cassie-Baxter equation were not derived correctly. They should be reviewed on a firm physical ground. In this study, these equations are re-derived from a thermodynamic point of view by employing energy minimization and variational approach. The derivations provide a deeper understanding of these equations and the behavior of a contact angle. Also, in applying these equations, the limitations and considerations are discussed. It is expected that this study will provide a theoretical basis for the careful use of these equations on rough or chemically heterogeneous surfaces.
Introduction
The easiest way to determine the wetting property is to drop a liquid drop on the surface. The drop on the surface forms a unique contact angle depending on the wetting property. By measuring the contact angle, it is easy to examine the surface wettability. Young's equation on the ideal surface, the Wenzel equation on the surface with roughness, and the Cassie-Baxter equation on the surface with chemical heterogeneity have been widely used for the analysis of the contact angle. Although these equations were not derived correctly, they have been used without consideration of the limitations. Application of these equations to surfaces such as a surface with large contact angle hysteresis that do not meet the conditions for these equations can give errors inherently.
In this chapter, Young's equation, the Wenzel equation, and the Cassie-Baxter equation will be re-derived by energy minimization and variational approach. From analyses of the derivations, properties of a contact angle will be reviewed. Also, the limitations and the considerations will be discussed in applying these equations to various surfaces. We expect that this study will help in the understanding of the nature of the contact angle and its application.
Young's equation, Wenzel equation, and Cassie-Baxter equation
It is possible to quantify the wettability of a surface by simply measuring the contact angle of a drop resting on a surface. Young's equation has been used as a basic model. Application of this equation is limited to an ideal surface that is rigid, perfectly flat, insoluble, non-reactive, and chemically homogenous. The surface is assumed to have no contact angle hysteresis. On the surface, a contact angle of liquid drop can be described by the following Young's equation:
sl so (1) where γ, γ sl , and γ so are liquid/gas surface tension, solid/liquid interfacial energy, and solid/gas surface energy, respectively. The apparent contact angle ( θ ) is an equilibrium contact angle (θ Y ). However, since all the real surfaces are not ideal, models were developed to describe the contact angles on the real surfaces.
There are two models to describe the contact angle on a real surface, i.e. the Wenzel model and the Cassie-Baxter model. Contrary to the ideal surface, the real surface can have chemical heterogeneity and surface roughness. The Wenzel model considers the rough surface but with chemical homogeneity [1] . The Cassie-Baxter model considers the flat surface but with chemical heterogeneity [2] .
In the Wenzel model, the surface roughness r is defined as the ratio of the actual area to the projected area of the surface. The Wenzel equation can be written as: From the Wenzel model, it can be deduced that the surface roughness amplifies the wettability of the original surface. Hydrophilic surface becomes more hydrophilic and hydrophobic surface more hydrophobic. In the Cassie-Baxter model, the area fractions under the drop is important in that the larger the area fraction of air, the higher the contact angle. Although these two models were proposed half a century ago, these equations have been widely used recently with active research on superhydrophobic surface [3] [4] [5] [6] .
The fallacy of the Wenzel model and the Cassie-Baxter model
In the Wenzel model and the Cassie-Baxter model, the contact angles were obtained from the non-smooth or chemically heterogeneous state of the surface under the drop. However, Gao and McCarthy demonstrated the fallacy of these models experimentally [7] . They prepared a surface with a hydrophilic spot on a hydrophobic surface, as shown in Fig. 1a . Fig. 1b shows a smooth hydrophobic surface with a superhydrophobic spot. D and d are mean diameters of the drop and the spot.
With various diameters of the drops and the spots, advancing and receding contact angles were measured. They proved that the state of internal surface inside the triple line does not affect the contact angles experimentally and the contact angles are determined only by the state of the surface at triple contact line. It means that the previous Wenzel model and Cassie-Baxter model should be revised for rigid physical meaning [7] . Since then, an active discussion on them has been made [8] [9] [10] [11] [12] . Also, these models have been derived in a more rigorous way. We have summarized the derivations of these models studied to date in Table 1 . All the derivations verify that a contact angle is determined at the triple line regardless of the external fields. Experiments also confirmed these findings [13] [14] [15] . Here, we will introduce the derivations by energy minimization using simple mathematics or calculus of variations. 
Derivation with simple mathematics
For the derivation of Young's equation in a rigorous way, the following assumptions will be used. First, the surface is ideal and it has no contact angle hysteresis. Thus, the contact line can freely move around. Second, the drop is in zero gravity and the shape of the drop is always a section of sphere, i.e., spherical cap.
As shown in Fig. 2 , when the shape of the drop is deformed by spreading or contracting, the solid/liquid interfacial area varies with a contact angle that is a one-to-one function of the interfacial area. By the free movement of the contact line on an ideal surface, the drop can change freely its shape in order to satisfy the minimum energy state of the system. When the drop is at the equilibrium state, there will be no residual force at the contact line. At this point, the contact line and the shape of the drop will be fixed. 
Derivation of Young's equation
With a thermodynamic approach, Young's equation can be derived with simple mathematics. Figure 3 . Cross-section of the drop on an ideal surface. Reprinted with permission from reference [17] . Copyright (2013) Springer-Verlag.
The variation of the energy is written as
The variation of the energy is equal to zero at the equilibrium state (dE = 0). Dividing both sides by dR is written as 
Substituting Eq. (8) into Eq. (6) gives From the figure, the total energy of the system can be written as
K is the surface roughness factor. A s is the gas/liquid interfacial area. The variation of the energy is written as
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Rearranging above equation, it will be written as
It should be noted that the terms related to b 2 were eliminated because they are constant. Thus, the internal surface inside the contact line does not affect the apparent contact angle. There is a significant difference with the previous Wenzel model where the internal surface is considered as an important factor. From dE=0 at equilibrium and Eq. (8), the revised Wenzel equation is derived:
where θ Y is the equilibrium contact angle on a smooth surface and θ is the apparent contact angle.
In the revised Wenzel equation, the definition on the surface roughness factor is different with the previous one. The roughness factor r in the previous Wenzel model came from the total area under the drop. However, the roughness factor K in Eq. (14) should be obtained from local region near contact line. From the figure, the total energy of the system can be written as
Derivation of the Cassie-Baxter equation
Here, A s is the gas/liquid interfacial area. The variation of the energy is written as
Here,
From dE=0 at equilibrium and Eq. (8) 
Derivation with calculus of variations
In the previous chapter, an external field, such as gravity, was not considered for simple derivation and it was possible to deal with the shape of the drop as a part of sphere. In this chapter, variational approach is employed and the shape of the drop can be distorted by the external field. Bormashenko used this approach for the first time to derive and develop the contact angle models [19] . To understand the variational approach, fundamental formulas in calculus of variations will be introduced briefly [21] .
Calculus of variations
The basic concept of variational method is searching a function that has an extreme value (maximum or minimum) of a physical quantity, such as energy, length, area, time, and so on. In mathematical expression, objective function J[y] can be defined as 
Thus, the goal is to find function 'y' that makes J[y] have an extreme value among countless number of y within the scope of the definite integral of a function [21] .
With the variational method, we can solve many problems involving the determination of maxima or minima of functionals, such as the shortest smooth curve joining two distinct points in the plane [21] , the shape of solid of revolution moving in a flow of gas with least resistance [22] , the plane curve down that a particle will slide without friction from one point to the other point in the shortest time [23] , the curve passing through two given points to have minimum surface area by the rotation of the curve [21] , and the shape of the flexible cable of given length suspended between two poles [24] .
All of the above examples involve funtionals that can be written in the form,
There is a fundamental formula for solving the simple variational problems. This is the socalled Euler equation,
When a curve passes through two fixed end points, y(a)=A and y(b)=B, the values of the arbitrary constants are simply determined by the end points.
However, as shown in Fig. 6 , when both end points of the curve are always placed on y=m(x) and y=n(x), the transversality condition is an additional constraint that must be satisfied at the endpoints of the curve in order for J[y] to have an extreme value. When the equation has following form,
the transversality condition is as follows:
It is possible to obtain the curve that must simultaneously satisfy certain constraints as a subsidiary condition. When the form of a functional is the same as
′ ( x ) dx, and the curve 'y' should also satisfy the following constraint, 
where λ is the Lagrange multiplier to be deduced from the subsidiary condition.
Therefore, the curve 'y' should satisfy the following equation:
These fundamental equations will be used to derive the contact angle models. How a drop takes its contact angle can be understood more clearly from the variational approach. Fig. 7 shows a drop on an ideal surface in a three-dimensional (3D) system. The symmetrical 3D drop sitting on the surface subject to energy density U ( r, h ( r )) , due to an external field such as gravity, is considered. The free energy for the drop, G ( h , h ', r ) , is given by the integral. 
Derivation of Young's equation
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The linear density U ( r, h ( r )) of the additional energy with the dimension of (J m From Eq. (25) and Eq. (26), the problem of energy minimization in the total system is reduced to the one of minimization of the following functional: (27) where,
SL SO
G h h r r h U r h r rh (28) and β is the Lagrange multiplier to be deduced from Eq. (26) . Transversality condition is the one that should be satisfied at the end points in order to minimize the total energy of the system. The transversality condition at the end point a is written as
where
Considering h ( a ) = 0 and U ( a, h ( a )) = 0, substitution of Eq. (28) into the transversality condition gives
Rearranging Eq. (30) gives
Taking into account h (33) where the apparent contact angle, θ, is the equilibrium contact angle (θ Y ).
Young's equation was derived from the transversality condition. It means that the equilibrium contact angle (Young's equation) must be satisfied at the contact line in order to minimize the total energy of the system. The variational approach assures that the contact angle is determined at the contact line. It should be noted that the external field, such as gravity, cannot affect the equilibrium contact angle, although it distorts the shape of the drop. Fig. 8 shows a symmetrical 3D drop in the Wenzel state. The drop is placed on a rough surface with full contact with the solid surface (no air gap). K is a surface roughness factor that is defined as the ratio of the actual area to the projected area of the substrate. The radius of the drop is a. The smooth region under the drop is b. The contact line of the drop is assumed to be located on the rough region of the surface. The free energy for the drop, J ( h , h ', r ) , is given by the integral ( ) 
Derivation of the Wenzel equation
The above equation can be rearranged as
where the last two terms are constants, giving
Here, since the contact angle is independent of the absolute value of the total energy, the constant energy term has no effect on the contact angle [17] . Thus, the free energy can be redefined as follows:
Now, considering the constant volume of a drop as a subsidiary condition and the transversality condition, the revised Wenzel equation is derived:
where θ Y is the equilibrium contact angle on a smooth solid surface and θ is an apparent contact angle. Likewise, a general Cassie-Baxter equation for different composite surfaces can be derived [25] .
Derivation of the Cassie-Baxter equation
In the revised equation (Eq. (41)), the area fractions are related to only the local region at the contact line.
Contact angles under other conditions
By employing the variational approach, it is easy to understand the behavior of the contact angles under various conditions. As mentioned above, after obtaining the total energy of the system under each condition, the contact angles are obtained from the transversality condition. In this way, the contact angles of the drops on a gradient surface [19] , a rotating surface [26] , a curved surface [25] , and a surface with an electric field [20] were studied. To conclude, it was demonstrated that if the factors or conditions to be considered do not affect the surface energy and the surface topography near the contact line, they cannot affect the contact angles.
Discussion
The contact angle of a drop was considered from a thermodynamic point of view. The contact angle models (Young's equation, Wenzel equation, and Cassie-Baxter equation) were rederived by the energy minimization and the variational approach. It was clearly demonstrated from the derivations that the contact angle of a drop is a necessary condition that must be satisfied at the contact line in order to minimize the total energy of the system. In other words, a drop takes an optimal contact angle to have the lowest energy of the system. When the optimal contact angle is not satisfied, the total energy of the system is not at a local minimum. Thus, residual force exists at the contact line and changes the shape of the drop until it disappears, as shown in Fig. 2 .
Two important points can be deduced from the derivations [19, 27] . Firstly, the contact angle is determined by the infinitesimal region at the contact line. The internal surface inside the contact line does not affect the contact angle. Thus, the roughness factor in the Wenzel equation or the area fraction in the Cassie-Baxter equation should be defined in the contact line region. Secondly, the contact angle is independent of the external factors that do not affect the surface energy. Fig. 10 shows the behavior of the contact angle on an ideal surface under various conditions. The contact angle is not affected by pressure, drop size, gravity, curvature of substrate, rotation of the substrate, and existence of a needle or defects. During the derivations, it has been assumed that the contact line moves freely on the surfaces and there is no contact angle hysteresis. However, all of real surfaces are not ideal and have contact angle hysteresis [28] . The contact line cannot move freely on them. The surfaces have a range of static contact angles between two extreme values of an advancing angle and a receding angle [29] . So, the real surfaces are hard to describe with a single equation, while Young's equation, the Wenzel equation, or the Cassie-Baxter equation yield a single contact angle. Especially, when a drop on a rough surface takes the Wenzel state, the contact angle hysteresis is very large violating the assumption of the free movement of the contact line [30, 31] and a specific static contact angle is hardly meaningful to describe the surface [32, 33] . Whereas a superhydrophobic surface has a very low contact angle hysteresis having a narrow range of static contact angles. A drop on the surface takes the Cassie-Baxter state. The contact line can easily move on it. Thus, the superhydrophobic surface can be considered as pseudoideal surface from the theoretical viewpoint in that the contact line can move freely. For this reason, the Cassie-Baxter equation has been widely used for the superhydrophobic surface.
In using the contact angle equations, careful attention is required. When the length scale of the pattern in the surface roughness is smaller than an order of a micrometer, additional correction factors should be considered including line tension and disjoining pressure [34] [35] [36] . However, the contact angle models do not contain these factors. In addition, they do not consider the shape and size of the pattern, which actually affect the contact angle [37] . Therefore, these equations should be used with caution and more advanced equations should be developed in order to describe the contact angle on the real surface.
Conclusion
Young's equation, the Wenzel equation, and the Cassie-Baxter equations were re-derived from a thermodynamic point of view. From the derivations, the behavior of the contact angle could be deduced. In an ideal situation, the contact angle is determined by the infinitesimal region in the vicinity of contact line, not by the internal surface inside the contact line. The contact angle is also independent of the external factors that do not affect the surface energy. Thus, it is not affected by pressure, drop size, gravity, curvature of the substrate surface, rotation of the substrate, and existence of a needle or defects. It was explained from the view point of the contact angle hysteresis why these equations are not proper to describe the real common surfaces although the Cassie-Baxter equation has been widely used for a superhydrophobic surface. Also, the limitations of the equations were discussed. It is expected that this study will provide a deeper understanding of the validity of the contact angle models and the nature of the contact angle. 
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